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 i g  h  l  i  g  h  t  s
A  new  model  of neurite  outgrowth  accounting  extracellular  signalling  is proposed.
The  model  predicts  three  different  scenarios  of  the  neurite  development.
It has  been  demonstrated  that  the  elongation  dynamics  is angle-speciﬁc.
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a  b  s  t  r  a  c  t
We  consider  the  inﬂuence  of extracellular  signalling  on  neurite  elongation  in  a  model  of neurite  growth
mediated  by building  proteins  (e.g.,  tubulin).  The  tubulin  production  dynamics  were  supplied  by a func-
tion  describing  the  inﬂuence  of extracellular  signalling,  which  can  promote  or depress  neurite  elongation.
We  found  that  this  extracellular  feedback  could  generate  neurite  length  oscillations  consisting  of  a  peri-






which  becomes  trapped  in  the  non-uniform  extracellular  ﬁeld.  We  analysed  the  characteristics  of  the
elongation  process  for different  distributions  of attracting  and  repelling  sources  of  the  extracellular
signalling  molecules.  The  model  predicts  three  different  scenarios  of  neurite  development  in  the extracel-
lular  ﬁeld,  including  monotonic  and  oscillatory  outgrowth,  localised  limit  cycle  oscillations  and  complete
growth  depression.
©  2014  The  Authors.  Published  by Elsevier  Ireland  Ltd.  This  is an  open  access  article  under  the  CC  BY. Introduction
Neural development and dendritic morphogenesis underlie the
ormation of speciﬁc network structures, synaptic connectivity
nd information processing in the brain [1–4]. Abnormalities in
euronal development and regeneration are implicated in several
eurological disorders, such as autism, schizophrenia and epilepsy
5–9]. The generation of certain morphological patterns involves
omplex intracellular molecular cascades that are modulated by
xtracellular signalling. Neurite elongation and branching lead to
he formation of speciﬁc dendritic patterns, guided by extracellu-
ar growth factor molecules released by the other cells. The most
igniﬁcant neurotrophic factors that stimulate neurite outgrowth
re GDNF, BDNF and NGF [10,11,12]. An inverse process called
etraction is also important for the development and functioning
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of the nervous system. Retraction may  be caused by lysophos-
phatidic acid [13] and some types of signalling molecules, such
as semaphorins, netrins, and ephrins [14,15]; glutamate [16]; and
others [17]. The elongation process depends on building proteins
(e.g., tubulin, actin) produced in the cell soma. Those proteins are
transported to the growth cone by diffusion and active transport
and then assembled in microtubules, resulting in elongation of the
neurite. In the extracellular space, the neurite is guided by growth
factors, which provide a direction for its growth. Neurite growth can
also be inﬂuenced by many other factors, including cell adhesion
and binding to extracellular matrix components [18,19].
Many mathematical models have been proposed to simulate
neural development features (reviewed in [4]). Based on micro-
tubule assembly and depolymerisation, these models describe the
production, degradation, and transport processes of proteins con-
struction. The neurite length dynamics of these models are based on
the evolution of tubulin concentration in the neurite compartments
including the growth cone [20–22] or the evolution of the tubulin
spatial concentration proﬁle along the neurite [23,24], or the mod-
els have focused on the description of the mechanical properties of
the neurite outgrowth [19,25,26]. The model of neurite outgrowth
article under the CC BY license (http://creativecommons.org/licenses/by/3.0/).





































tig. 1. Evolution of the neurite length (A) and tubulin concentration (B) in the gro
0 =  = 0.4,  ˛ = 0.05,  ˇ = 0.01, D = 0.5, l1 = 0.1, t  = 0.01 (all units arbitrary).
roposed in [27] is based on the assumption that the elongation can
e controlled by membrane expansion and endocytosis. Depending
n the coupling between the microtubules and the vesicle dynam-
cs, different regimes corresponding to dendritic and axonal growth
ere found. The models mentioned above merely incorporated
ntracellular processes that underlie the outgrowth. The extracel-
ular signalling described in other modelling studies accounts for
ifferent aspects of neural morphogenesis, such as neurite branch-
ng and navigation (e.g., [28]). However, the extracellular inﬂuence
n the elongation and retraction processes remains poorly under-
tood.
In this letter, we propose a neurite growth model that is capa-
le of neurite elongation and retraction, driven by extracellular
ignalling. Such signals coming from the extracellular space may
ctivate speciﬁc pathways that regulate different aspects of neu-
onal development (axon and dendrite growth), synapse formation
nd plasticity [29]. To model the intracellular dynamics, we used
he tubulin-based compartmental model [22]. The extracellular sig-
als are treated as a non-uniform ﬁeld of molecules released by
eighbouring cells and sensed by the growth cone. We  assume
hat these molecules generate a feedback signal, which changes
he rate of tubulin production. These changes depend on the type
f extracellular molecules (whether they attract or repel the growth
nd, hence, promote or depress it). We  analysed the computa-
ional consequences of this extracellular feedback and found that
t could signiﬁcantly affect the growth dynamics. In particular, cer-
ain extracellular concentration proﬁles may  induce spontaneous
eurite length oscillations. These oscillations may  delay neurite
rowth, or the neurite may  be completely trapped, oscillating with
 particular frequency in a speciﬁc region of space.
. Materials and methods
We  investigate the tubulin-based compartmental model pro-
osed in [22], supplied with extracellular feedback as follows:
dC0
dt
= I − 0C0 + Dˆ01(C1 − C0);
dCi
dt
= Dˆi,i−1(Ci−1 − Ci) + Dˆi,i+1(Ci+1 − Ci);
dCn
dt
= −nCn + Dˆn,n−1(Cn−1 − Cn) −  ˛ · Cn + ˇ;
dL
dt
=  ˛ · Cn − ˇ;
dI
dt
= −ı(I − I∗) + F(S(x, y, t)).
(1)Here, the variable Ci describes the concentration of available
free) tubulin in the ith segment of the neurite (i = 0,1,. . .,n), and L
s the variable length of the neurite. The parameter  determines
he tubulin degradation rate,  ˛ is an association constant,  ˇ is aone for different values of the tubulin production rate. Parameter values: d = 0.2,
dissociation constant, Dˆij = (DAij/Vixij) is the diffusion rate from
segment j to segment i, Aij is the cross-section area between seg-
ments, Vi is the volume of segment i, xij is the distance between
the centres of the nearest-neighbour segments, and D is the diffu-
sion constant.
Neurotrophic factors affect the cell metabolism via the growth
cone. After binding to the receptor, they form a complex that
activates PI3-kinase and Akt. Akt activation leads to the CREB-
mediated synthesis of actin and tubulin, accelerating outgrowth.
In the growth cone, PI3-kinase induces Ras, which is a pathway
that stimulates actin polymerisation [11,12,17]. In our model, the
extracellular feedback is provided by the last equation. We  assume
that the rate of tubulin production, I, is variable relative to an equi-
librium level, I*, with a characteristic time scale, 1/ı.  The inﬂuence
of extracellular signalling is described by the function F(S(x,y,t)),
where S(x,y,t)is an effective (average) concentration of the growth
factors in the growth cone at a point (x,y) in the 2D area at a time
point t. We  suppose that the sources of extracellular molecules (e.g.,
other cells) are uniformly distributed in the 2D area and charac-
terised by a parameter p. These sources are divided into those that
promote the growth of the neurite (p = +1)  and those that depress
it (p = −1), each occurring with an equal probability.
The concentration of signalling molecules diffusing from each
source to the growth cone can be calculated by the following for-
mula [30]:













where q describes the constant rate of growth factor production, r is
the distance between the source and the growth cone, and D1 is the
diffusion rate of the extracellular signalling molecules. Examples
of the extracellular signal distributions are shown in Fig. 2A–C as
two-dimensional colour maps. Next, we  calculate the overall inﬂu-
ence of the molecules coming from all sources, accounting for these
molecules at the growth cone location as a sum weighted by the
signs, pk, of the corresponding sources:
S(x, y, t) =
N∑
k=1
pk · Cfk(r(x, y), t). (3)
We estimate the action of this effective concentration on the
growth cone by the activation function F(S), here given the form of









































vig. 2. Fragments of extracellular signal ﬁelds used in simulations. The sources of
ngles  of neurite growth (unchanged in the current model) are shown by arrows. Co
he  distribution maps are the same as the length units on the other images).
here A is the maximal rate of the extracellular feedback, B is the
idpoint of the feedback activation, C is the width of the active
oncentration interval.
The models (1)–(4) are initiated with a deﬁnite distribution of
he growth factor sources. Simulation of neurite growth (1) starts
imultaneously with the diffusion of signalling molecules (2)–(4).
hen, the concentration S(x,y,t) is calculated in the reference frame,
oving with the growth cone.
In the absence of the extracellular feedback, e.g., for I = I* = const,
he elongation dynamics are quite simple and are explained in
etail in [22]. The neurite length grows monotonically with the
oncentration in the terminal segment, decaying to a speciﬁc value
eﬁned by the tubulin production rate (Fig. 1). In our computations,
e use the following elongation schema. The last segment is con-
idered to be the growth cone, with a ﬁxed length d. The neurite
ength changes due to the elongation of the next-to-last segment.
ts length is initially set to l1, which is the minimal segment length.
f the tubulin concentration is sufﬁcient, the length of the segment
ncreases to a value of d + l1, after which, the segment is divided
nto two parts, one segment of length d and the other, next to the
rowth cone, with length l1.
. Results
Let us now investigate the inﬂuence of the extracellular
olecules on the growth dynamics. For illustration, we ﬁrst con-
ider three different growth factor source distributions (Fig. 2A–C)
nd choose the direction of neurite growth (shown by arrows).
he models (1)–(4) do not account for neurite navigation, and the
rowth direction remains ﬁxed during the simulations.
Fig. 3A illustrates the growing neurite dynamics in the proﬁle
hown in Fig. 2A. After a certain initial increase time, the neurite
ig. 3. Time evolution of neurite length, L(t), effective concentration of growth factors, S
1)–(4), for sample distribution of extracellular signal sources (Fig. 2A–C with the growth
alues: d = 0.2, 0 =  = 0.4,  ˛ = 0.05,  ˇ = 0.01, D = 0.5, t  = 0.01, l1 = 0.1, I* = 0.5, q = 1, D1 = 0.th promoting and depressing factors are shown in red and blue, respectively. The
aps show the equilibrium ﬁeld of the growth factor formed for t→∞ (the units on
length begins to oscillate when the inﬂuence of the extracellular
diffusive ﬁeld becomes signiﬁcant. The amplitude of the ﬂuctuation
decreases, and when the neurite enters the region with a positive
extracellular signal, tubulin production is promoted and neurite
growth continues.
An unexpected effect occurs in the second case (the distribution
is shown in Fig. 2B), where the length ﬂuctuation converges to self-
sustained limit cycle oscillations (Fig. 3B). In fact, the neurite is
trapped within a non-uniform pattern in the extracellular ﬁeld of
signalling molecules. With elapsing time, the proﬁle of the ﬁeld
tends to its equilibrium (Fig. 2B); however, the neurite continues
to oscillate with a particular amplitude and frequency (Fig. 3B).
The mechanism of the oscillatory dynamics can be explained by
the interplay between the promoting and depressing extracellu-
lar signals. If the effective concentration is positive at a point of the
growth cone (x,y,t), the feedback is positive, and the tubulin produc-
tion rate increases, which increases the elongation rate according
to Eq. (1). Conversely, when the effective concentration S is nega-
tive, the tubulin production rate decreases, and the neurite slows
its growth. The most interesting case occurs when the growth cone
concentration of tubulin reaches its threshold value, Ccrn = ˇ/˛. In
this case, the neurite begins to shorten, e.g., dL/dt < 0, following the
fourth equation of Eq. (1). Then, if the length satisﬁes the condition:
L = d(n − 1) + l1, (5)
we assume that the length of the next-to-last segment becomes
less than the minimal length, l1, and the (n − 1)th and (n − 2)th
segments are merged as one, with the following concentration:
Cn−1(t) =
Cn−2 · d + Cn−1(t − 0) · l
d + l (6)
(x,y,t), in the growth cone and tubulin production rate, I(t), in simulations of Eqs.
 directions pointed by arrows) shown in panel A, B and C, respectively. Parameter
5, ı = 0.01, A = 0.01, B = 0, C = 0.01 (all units arbitrary).
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dig. 4. Neurite elongation dynamics for different growth angles (counter-clockwise)
arameter values: d = 0.2, 0 =  = 0.4,  ˛ = 0.05,  ˇ = 0.01, D = 0.5, t  = 0.01, l1 = 0.1, I* =
here Cn−1(t − 0) is the concentration in the next-to-last segment
efore the merge; therefore, the total neurite length decreases.
his phenomenon corresponds to the retraction phase of the length
scillations, shown in Fig. 3.
In the case corresponding to Fig. 2C, the neurite is completely
uppressed by the extracellular inﬂuence (Fig. 3C). The biological
echanisms underlying neurite pruning remain poorly under-
tood. Similar to neurite elongation, the process of retraction is
ased on cytoskeleton modiﬁcations. These transformations are
egulated by signalling pathways that are activated by the extracel-
ular environment or cell-intrinsic programmes [14]. Recent studies
ave shown that a high concentration of glutamate triggers axonal
eduction [16]. Additionally, lysophosphatidic acid induces neurite
etraction via actin-dependent microtubule rearrangement [13].
ecent experimental data indicate that some signalling molecules
re involved in neurite retraction (for example Sema3F through
europilin-2, plexin-A3, and plexin-A4 [15]).
Next, we illustrate the dependence of neurite elongation
ynamics on different initial angles  for the set of growth fac-
or source conﬁgurations shown in Fig. 2. As one may  expect, for
ertain conﬁgurations, the ratio between promoting and depress-
ng inﬂuences depends on the growth direction and, hence, each
ngle entails different neurite length dynamics. This ﬁnding is con-
istent with the modern hypothesis that this inhomogeneity of the
ttractant concentration gradient (e.g., neurotrophic factor) deter-
ines the speciﬁcity of the cellular interactions. However, in the
onﬁguration presented in Fig. 2B, neurites with any initial direc-
ion become locked at their speciﬁc length and begin to oscillate,
s illustrated in Fig. 4B. Interestingly, the oscillation frequency
s angle-dependent and decreases monotonically with increasing
eurite length. Length ﬂuctuation dynamics have been reported in
arlier experimental and theoretical studies [27,31].
Finally, let us consider how the other two conﬁgurations shown
n Fig. 2A and C provide directional speciﬁcity in the elongation
ynamics. Fig. 4A shows that depending on the growth angle,
he neurite may  display either the outgrowth or the oscillations
rapped by the proﬁle of the extracellular ﬁeld (Fig. 2C). As shown in
ig. 4C, in addition to outgrowth and oscillations, there are speciﬁc
ngle sectors for which all neurites are completely suppressed.
. Discussion
Neurite growth represents a key process in the formation of
orphological patterns in neural development. Several experimen-
al and theoretical models have demonstrated that the neurite
ength dynamics are driven mostly by intracellular signalling based
n the production and transport of building proteins. In large
cale computations, these processes are often modelled by sim-
le phenomenological functions [32,33]. Recent experiments have
uggested an important role of extracellular factors in the modu-
ation of the neurite development. Most of these studies typically
iscuss the guiding role of extracellular signals in the navigation growth factor source conﬁgurations shown in Fig. 2A–C (on A, B and C, respectively).
 = 1, D1 = 0.5, ı = 0.01, A = 0.01, B = 0, C = 0.01 (all units arbitrary).
of the growth cone and their inﬂuence on the probability of neu-
rite branching. In addition, our model predicts that extracellular
signalling can be crucial in the growth dynamics. Supplying basic
compartmental model by extracellular feedback affecting tubu-
lin production rate, we found that growing neurites can generate
spontaneous oscillations deﬁned by a non-uniform extracellular
diffusive ﬁeld. These extracellular molecules induce the polymeri-
sation of building proteins in the growth cone and an increase in
cytoskeletal protein synthesis. Additionally, neurotrophic factors
activate cell metabolism and accelerate the transport of building
proteins. In contrast, increasing the concentration of the agents that
activate the protease pathway and degrade tubulin and actin can
trigger the axon retraction process.
Another interesting prediction of the model concerns the angle-
dependent speciﬁcity of the neurite elongation dynamics. In fact,
the extracellular space is structured by the growth factor concen-
tration on the areas that are preferable or non-preferable for the
neurite outgrowth. This phenomenon underlies the formation of
the speciﬁc neurite morphology in development, along with growth
cone navigation and branching.
5. Conclusion
A neurite growth model based on the description of build-
ing protein production and supplied with extracellular feedback
was proposed to explain neurite elongation and retraction pro-
cesses. We showed that depending on the extracellular feedback
and on neurite space orientation, the proposed model generated
different types of growth dynamics, including monotonic out-
growth, oscillations locking the neurite in a speciﬁc region of space
and complete growth inhibition. We  also demonstrated that the
elongation dynamics are angle speciﬁc, providing preferable and
non-preferable directions for neurite outgrowth.
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